In this paper, a diffusive Leslie-type predator-prey model is investigated. The existence of a global positive solution, persistence, stability of the equilibria and Hopf bifurcation are studied respectively. By calculating the normal form on the center manifold, the formulas determining the direction and the stability of Hopf bifurcations are explicitly derived. Finally, our theoretical results are illustrated by a model with homogeneous kernels and one-dimensional spatial domain.
Introduction
Bifurcation phenomena are observed and studied in a variety of fields, such as engineering The study shows that model (.) has complex bifurcation phenomena and dynamic behavior, such as the existence of both Hopf bifurcation and Bogdanov-Takens bifurcation. For more detailed results on model (.), one can refer to [] .
As we all know, the spatial heterogeneity of predator and prey distributions is more or less obvious. The predator or prey can flow from higher density regions to lower density ones, which is called normal diffusion. And specifically, to the best of our awareness, few papers which discuss the dynamic behavior of model (.) with diffusion have appeared in the literature. This paper attempts to fill this gap in the literature. To achieve this goal, we look at the following model:
where u i = u i (x, t), i = , , = ∂  ∂x  denotes the Laplacian operator, d  , d  are diffusion coefficients of prey and predator, respectively. is a bounded subset with sufficiently smooth boundary ∂ in R n , where R n is an arbitrary positive-integer N -dimensional space. is the Laplacian operator in the region . The no-flux boundary condition means that the statical environment is isolated.
In the biological field, the study of the stability and bifurcations of the reaction-diffusion models describing a variety of biological phenomena is one of the fundamental problems, which can be conducive to understand the dynamic behavior. Recently, the stability of the steady state [, ] and that of the non-constant steady state solution [-] are investigated. The main contributions of this article are as follows: (a) the existence of the global positive solution and the persistence of system (.) are discussed in detail; (b) the Hopf bifurcation analysis of system (.) is provided; (c) the Lyapunov function is constructed to complete the proof of global stability of the equilibria.
The rest of this article is organized as follows. In Section , the existence of a global positive solution of (.) as well as the boundedness are considered. In Section , the persistence of the system is investigated. In Section , the stability of the constant equilibria, the existence of Hopf bifurcations and the stability of a bifurcating periodic solution around the interior constant equilibrium are investigated. In Section , the global stability of the constant equilibria is proved by the Lyapunov function method under certain conditions investigated. Finally, simulations are presented to verify our theoretical analysis.
Existence of a global positive solution of (1.2)
For convenience, we introduce some notations. For x, y ∈ R, we denote x ∧ y : min{x, y}, x ∨ y := max{x, y}, x + : x ∨ , x -: (-x) ∨  and extend these notations to real-valued functions. If (∨, ≥) is a partially ordered vector space, we denote its positive cone by ∨ + := {v ∈ ∨ : v ≥ }. 
Next, we prove the existence of the local solution for (.). First, we give out the following lemma.
Lemma . For every z  ∈ X + , the Cauchy problem (.) has a unique maximal local solution
which satisfies the following Duhamel formula for t ∈ [, T max ): 
with the boundary and initial conditions ⎧ ⎨
After multiplying (.) by u -and v -, respectively, and integrating by parts on the domain , we obtain
Hence, for t ∈ (, T max ),
) is a solution of (.), and according to Lemma ., we finally get that u(x, t) ≥ , v(x, t) ≥ , t ∈ (, T max ). Next, we prove the global existence of the positive solution for (.). Via Lemmas . and ., we only need to show that the solution of model (.) is uniformly bounded, i.e., dissipation. For this, we first introduce the following lemma.
Lemma . ([]) Suppose that z(x, t) satisfies the following equation:
Then lim t→∞ z(x, t) =  for any x ∈ .
Theorem . The solution (u(x, t), v(x, t)) of (.) satisfies the following inequalities:
By the comparison principle and Lemma ., we obtain easily the first inequality. Therefore, there exist T  >  and sufficiently small  < ≤  such that u(x, t) ≤  + for any x ∈ and t > T  . For the second equation, we have the following inequality:
By the comparison principle, for the above  < ≤ , there exists
For the arbitrariness of > , we obtain
As a result, we complete this proof. By Lemmas ., . and Theorem ., we can get the following theorem.
Theorem . System (.) has a unique, nonnegative and bounded solution Z(x, t)
= (u(x, t), v(x, t)) such that z(x, t) ∈ C [, ∞), X ∩ C  (, ∞); X ∩ C (x, ∞), D(A) .
Permanence
In this section, we show that any nonnegative solution (u(x, t), v(x, t)) of (.) lies in a certain bounded region as t → ∞ for all x ∈ . We make the following hypothesis: (H  )
Theorem . If (H  ) holds, the solution (u,v) of (.) satisfies the following inequalities:
Proof From the first equation of (.) and Theorem ., we have
By the comparison principle and Lemma ., we obtain easily
From the second equation of (.), we have
From Theorems . and ., we can easily obtain the following theorem. The system has always constant equilibria E  (, ). By the direct calculation, there exists a unique constant positive equilibrium denoted by E * (u  , v  ) if and only if the following cubic equation
holds in the interval (, ). Note that the third-order algebraic equation (.) can have one, two, or three positive roots in the interval (, ) which can be evaluated by using the root formula of the third-order algebraic equation. Correspondingly, system (.) can have one, two, or three positive equilibria. Regarding the number of positive equilibria in the interval (, ) of (.), [] gives the result in detail as follows. 
and the complexification of X
The linearized system of (.) at any point E(u  , v  ) has the form
with the domain D L(s) = X C , where
, we obtain that the characteristic equation of (.) is
It is well known that the eigenvalue problem 
Therefore the characteristic Eq. (.) is equivalent to
where I is the  ×  identity matrix and
. . . It follows from (.) that the characteristic equations for the equilibrium (u  , v  ) are the following sequence of quadratic transcendental equations:
The eigenvalues are given by
We make the following hypothesis with fixing δ:
where ρ = min{, 
Lemma . (i)
Suppose
Proof
(i) Obviously, by (H  ) T n <  for n = , , , . . . , we know all the roots of Eq. (.) have negative real parts. (ii) If (H  ) holds, we know that D n is monotone increasing with regard to n, and lim n→∞ D n = ∞ and D  < . There exists an integer n *
These complete the proof of (i) and (ii). From the discussion, we have the following theorem.
and (H  ) hold, the equilibrium E * is stable.
(ii) Suppose (H  ) and (H  ) hold, the equilibrium E * is unstable.
Next, we consider the occurrence of Hopf bifurcation of E * by regarding A as a bifurcation parameter with fixing δ. In the light of (.), it is known that (.) has purely imaginary roots if and only if
and D n >  holds. From (.) we know that A n is monotone increasing with regard to n, and
Hence, there is A n >  for n = , , , . . . . Bringing A n into D n , we get 
then Eq. (.) has purely imaginary roots if and only if
- >  holds, we know that D n is monotone decreasing with regard to n, and
In combination with Lemma ., we complete the proof of Lemma ..
Based on the above analysis, we have the following theorem. 
Direction and stability of Hopf bifurcation
From the previous section, we know that model (.) undergoes a Hopf bifurcation at the origin when A = A n , n = , , . . . , n * , where n * and A n are defined as in (.).
In this section, we study the direction of Hopf bifurcation and the stability of the bifurcating periodic solution by applying the center manifold theorem and the normal form theorem of partial differential equations. We first transform E * of (.) to the origin via the translation:û = u -u  ,v -v  and drop the hats for simplicity of notation, then (.) is transformed into
So we have
The straightforward computation yields
Moreover,
and
which implies W  = W  = , that is to say,
where ω (A  ) =  > , then we have the following theorem. The bifurcation periodic solution from A = A  is increasing (resp. decreasing) if T  >  (resp. < ).
When  < j ≤ n * , for A j , we have the following theorem.
The bifurcation periodic solution from A = A j is asymptotically stable (resp. unstable) if Re(c  (A j )) <  (resp. > );
The bifurcation periodic solution from A = A j is increasing (resp. decreasing) if T  >  (resp. < ) for  < j ≤ n * , where Re(c  (A j )) is defined in Appendix.
Global stability of equilibria
In this section, we continue to study the global stability of equilibria. 
Proof Let (u(x, t), v(x, t)) be any solution of model (.). We introduce the Lyapunov function
Now, we take the derivative of V with regard to t along the trajectory of model (.). ThenV
where
Let V  = V  + V  , where
. Next, we calculate V  as follows:
It is obvious that 
(.c), we know a  >  and φ(u, v) > . Consequently, E * is globally asymptotically stable. Thus, we complete this proof.
Next, we give out the conditions of the global asymptotic stability of the boundary equilibrium E  (, ).
Theorem . The boundary equilibrium E  of (.) is globally asymptotically stable if
holds.
Proof Define
Taking the derivative of V  with regard to t along the trajectory of model (.), we havė
Furthermore, we calculate V   and reach
According to condition (.), dV  dt <  except at E  . By LaSalle's invariance principle, E  is globally asymptotically stable.
Numerical simulations
In this section, to confirm our analytical results found in the previous section, some examples and numerical simulations are presented. We use Matlab (a) to simulate and plot numerical graphs. The positive equilibrium E * of (1.3) becomes unstable and there exist spatially homogeneous periodic solutions with the initial value (0.65, 3.5).
Conclusions
Based on model (.), we propose a diffusive prey-predator model with Leslie-type sigmoidal functional response and subject to the Neumann boundary conditions which is in the form of model (.). The dynamic behavior of the model is investigated. Some important qualitative properties, such as the existence of a global positive solution, persistence, the local stability and global stability of the equilibria, are obtained. Hopf bifurcations are explored by analyzing the characteristic equations. Moreover, the formulas determining the direction and stability of the bifurcating periodic solutions are derived by using the center manifold and the normal form theory of partial functional differential equations. Some numerical simulations are carried out to support our theoretical analysis. In the future, some challengeable attempts to study the Hopf bifurcation, steady state solution and Turing-Hopf bifurcation of fractional diffusive in a predator-prey system with or without time delay will be proceeded.
Appendix
In this section, we follow the bifurcation formula [] to determine the bifurcation direction of the spatially non-homogeneous periodic solutions found in Theorem .. When A = A H j,± (j ∈ N ), we calculate Re(C  (A j )). We set 
Then we get
where 
Notice that, for any j ∈ N , lπ  cos
, so we have
Re q
where we denote 
